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The variational modified-hypernetted-chain {(VMHNC) theory, based on the
approximation of universality of the bridge functions, is reformulated. The new
formulation includes recent calculations by Lado and by Lado, Foiles, and
Ashcroft, as two stages in a systematic approach which is analyzed. A
variational iterative procedure for solving the exact (diagrammatic) equations
for the fluid structure which is formally identical to the VMHNC is described,
featuring the theory of simple classical fluids as a one-iteration theory. An
accurate method for calculating the pair structure for a given potential and for
inverting structure factor data in order to obtain the potential and the ther-
modynamic functions, follows from our analysis.

KEY WORDS: Modified-hypernetted-chain theory; bridge functions; local
free energy functionals; diagrammatic expansion; structure factor.

1. INTRODUCTION

Recently Lado” and Lado, Foiles, and Ashcroft®? (LFA) used the
Rosenfeld-Ashcroft'® modified-hypernetted-chain (MHNC) scheme based
on the universality of the bridge functions, and determined the optimum
bridge function parameters by minimizing an approximate free energy
functional. Solving the resulting MHNC integral equations with hard-
sphere bridge functions of adjustable core size, they obtained excellent
agreement with the simulation data for the structure and the ther-
modynamics of both the short-range Lennard-Jones and the long-range
Coulomb potentials. The method they applied provides an entirely first
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principles approach to the theory of the structure and thermodynamics of
simple classical liquids: it employs a local (ie., without the need to
integrate along an isotherm or isochore) free energy functional that deter-
mines by variation both the structure and the equation of state. The
possibility of constructing an accurate approximate local free energy
functional for simple classical fluids, its relation to the variational pertur-
bation theory and additivity of equations of state, and its relevance to the
problem of inverting structure factor data, have been recently analyzed in
detail.®

As examples of MHNC calculations are becomming available for
increasing numbers and types of systems, ® 'V a systematic development of
a local MHNC scheme is timely. In the present work we make a step in
that direction by formulating a systematic variational MHNC (VMHNC)
procedure within one particular successful representation for the bridge
functions. As examples of the utility of the present formulation, we
demonstrate how it is possible to feature the methods of Refs. 1 and 2 as
two stages, of increasing accuracy, in a systematic “bootstrap” procedure
based on the approximation of universality of the bridge functions, and to
calculate analytically the term in the free energy which causes the
improvement of the LFA results over those by Lado. This enables a simple
pictorial analysis of the terms missing in the treatments by Lado!’ and by
LFA,® without the need to perform any additional numerical calculations,
and leads to a single, highly accurate recipe for both (a) caiculating the
pair functions and the equation of state for simple liquids of given pair
potential, and (b) inverting pair structure data in order to obtain in the
potential. Our bootstrap approach within the VMHNC scheme is
analogous to that employed with the variational first-order thermodynamic
perturbation theory (VPT) for which it was first proposed by Ross"? and
recently analyzed.!'?

The new formulation of the VMHNC also enables us to draw direct
conclutions regarding the diagrammatic iterative “build-up” of liquid state
theory: We construct a variational diagrammatic iterative procedure which
takes advantage of the similarity between the zero-order structure given by
the HNC approximation, and the final result (presumably well) represented
by the simulation data. Each iteration order is obtained from the previous
one by a VMHNC-type calculation. It is argued on the basis of our
analysis that the first such iteration beyond the “zero-order” HNC result is
comparable in accuracy with present day simulation data. The theory of
simple classical fluids thus exhibits the interesting property of being essen-
tially a one-iteration theory as far as the pair structure and (noncritical)
thermodynamics are concerned, provided this iteration is optimized.

The present formulation and methods of analysis, made here with one
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particular choice for the bridge functions, can be readily extended to
mixtures and to general bridge functions.

This paper is organized as follows: Section 2 and 3 give an exposition
of the VMHNC procedure using specifically the Percus—Yevick hard-sphere
bridge functions, of the signle parameter #, for which most MHNC
calculations have been performed. Different representations for the correc-
tion to the free energy functional of Lado,"") denoted by é,(1), are con-
sidered in Section 4. Analysis of the function 6,(»). for different potentials
#(r), based on the results presented in Refs. 1 and 2 and on accumulated
MHNC results for different types of pair interactions is given in Section 5.
The variational iteration procedure for solving the exact diagrammatic
equations for the pair structure is presented and discussed in Section 6. The
concluding Section 7 includes the recipe for calculating the structure and
thermodynamics of a simple fluid for a given pair potential, and for
inverting structure factor data in order to obtain the potential and the free
energy.

2. A SHORT RESUME OF THE MODIFIED-HNC SCHEME

The analysis of the density expansion of the pair correlation function
2(r) has led to the following equations'*):

h(x)=c(x)+jdx’h(lx—x’|)c(x’) (1)
c(x)=h(x)~In{g(x) exp[ fp(x/p"”) + B(x)]} (2)
B(x)= — Y. h(x) = B{h(x)} (3)

The first equation is the Ornstein—Zernike (OZ) relation defining the direct
correlation function ¢(x) in terms of the total correlation function
h(x)= g(x)— 1. In the second, a closure equation, ¢(r) is the pair potential,
p = N/V is the number density, f = (kzT) ' is the inverse temperature, and
B(x) is minus the sum of all elementary diagrams with h(x) bonds that
have at least triply connected field points, denoted by the functional 4.
Throughout the paper we use the reduced length x =rp'?, and the “tilde”
sign denotes Fourier transforms, e.g., i(k).

The formal relation (3) cannot be utilized in practice, but the
approximation embodied by the statement of “universality of the bridge
functions” led, through the MHNC scheme, to an extremely accurate
description of the available simulation data for a large class of simple
classical fluids.**"*"'? Consider, in particular, the one-parameter bridge
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functions obtained from the analytic solution of the Percus—Yevick (PY)
equation for hard spheres,®

B(x, 1) = ypy(x, 1) —1—In ypy(x, ) (4)

Within the PY theory for hard spheres, the function y(x)=
g(x) exp[Be(x/p'?)] is given by

Vev(x, 1) = gey(x, 1), x> (6n/n)"? (5)
Yey(x, 1) = —cpy(x, 1), X< (6’7/75)1/2 (6)

With the “optimum” value, #=#nypy(f, p), obtained by requiring ther-
modynamic consistency between the equation of state obtained from the
virial theorem and the compressibility equation, the solutions of Egs.
(1)—(4), denoted by “UPY,” are essentially indistinguishable from the
simulation data.>!5-17)

The most important feature of the UPY results (and thus of the
similarly motivated VMHNC calculations) is that they give accurate
predictions for the “screening” function H(r)=1In y(r) at r =0, despite the
fact that the calculated g(r) and c¢(r) are practically independent of the
values of B(r) in the region where g(r)=0. This provides a crucial test for
the validity of the assumption of universality within the diagrammatic
contex.">!%20) This feature is unique for the self-consistency schemes based
on the “universality.” All other presently available self-consistency
schemes 2 fail to give accurate H(0) either because they treat only the
long-range behavior of the bridge function,®’) or because they implicitly
contain the usual PY approximation for the short-range behavior.?? A
systematic MHNC approach would be to maintain the UPY as the leading
result and to seek the relatively small (nonuniversal) corrections, especially
regarding the long-range behavior of the bridge functions.®’

As originally predicted in Ref. 3, all MHNC calculations that use a
self-consistency criterion in order to determine the bridge parameter (8, p)
yield essentially identical results with either the PY hard sphere bridge
functions or the Verlet-Weis-Grundke-Henderson®** (VWGH)
parametrized form for the “exact” hard sphere simulation results employed
by LFA. In view of this, the fact that LFA improve upon the results by
Lado is due to employing a better local choice of the parameter within
essentially the same bridge function. Although not important ther-
modynamically, the analytic deficiencies of the VWGH parametrized
bridge functions as encountered by LFA, have a significant effect on the
structure. This undermines the basic contribution of the VMHNC
approach, namely, the possibility it provides for inverting structure factor
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data. The PY bridge functions [Egs. (4)-(6)] behave analytically better
than the VWGH functions. In turn, the UPY results which provide as good
a description as the VWGH parametrization for the system of hard
spheres, should be also preferred heuristically since they are obtained
without any resort to the simulations.

In view of the good analytic behavior of the PY bridge functions and
the general high accuracy obtained by the UPY it is only natural that a
first step in formulating a local theory would be to try it within the level of
the UPY accuracy; i.e., we shall seek a simplified criterion for determining
n(B, p) locally yet still maintaining the UPY accuracy. The structure of the
MHNC equations allows to regard the analytic PY results as being the
exact results for some potential (somewhat different from hard spheres)
thus enabling us to perform the study in a relatively simple manner. In par-
ticular, by adding a simple correction (which we calculate analytically) to
the local free energy functional of Lado") we obtain the accuracy to
LFA.

The scheme we follow is to construct a family of “virial-energy” con-
sistent local free energy functionals sorting out the one which comes closest
to satisfying also the “virial-compressibility” consistency (i.c., UPY).

3. VARIATIONAL MODIFIED-HNC PROCEDURE
Consider the parametric solution (x is the free parameter) of Eqs.

(1)-(4) for some given potential ¢(r), namely, g,(x, f, p, 7). We define the
MHNC free energy functional, f}"™~¢, and a correction term, 4, by

1 ,
FNB, p, ) =3 | dxgy(x, B, oo m){BH(x/p") + B, )]

1 1
— Efdx I:E hi(x, B’ £ ’7)+h¢(x= ﬁ9 0, V])

- g¢(x, ﬂ: P ’7) 1ng¢(x> ﬁs P ’7):‘
1 ~ ~
— 5 m)7 [ dk{In[1 +Fylk, B, p, )] =yl B o)} (7)

1 pn 0B !
apopm=3 [ ar [ axen b g o) ®)

Note that f}NC is a local functional which for #=0 is just the usual
“virial energy” (VE) consistent excess free energy for the HNC
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approximation. Using (1, 2) we find that the partial derivatives of f}HNC
are given by©®

JfMHNC(R

a MHNC , 0,

QfMENC(B 1 0B(x, d
_asa_(fe_@ﬁ’p:ﬂdxg#x,ﬁ,p,n) Sl (1)

where the potential energy, U, is given by (ie., the “energy” equation of
state)

ﬁ UEX

U
N

l b
~3 8 [ dx e, o) (35) (12)

and the virial pressure equation of state is

pP p STl B
ZUE(?)viriaIZI_gfdxgq’(x’ ﬁ’ p’");1_/3¢ <m> (13)

where ¢'(r) = d¢(r)/or.
Given the function #(f, p), then the excess free energy, f = fF*/N, as
obtained from U or Z, is given, respectively, by :

OB, p) 0A4(B', p, 1)
op’ on

e rB
fq)E (:Ba ,0) =fMHNC(ﬂa P, ”I(ﬁ, ,0)) —JO dﬂ

n=n(Bp)
(14)
“vr P 0 L p') o4 L0,
s (.B,P)=fMHNC(ﬂ,p,r,(/3,p))_j dp’ ’7(61;9) ¢([2np 1) B
° n=n{f.p'
(15)

Suppose that the bridge parameter, n =#(f, p), is obtained from any
criterion of the type

Ay(B, p,m)=4Pn) (16a)

or

(x,n)

1 0B
= - A0V
2deg¢(x, B, p, 1) on A9 () (16b)
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where 4)(n) is a given function that vanishes at # = 0. The requirement
that 45(n=0)=0 is a physical one and allows the MHNC results to
include the correct low-density limit which is given accurately by the HNC
approximation. For criteria of the type (16) we find that the MHNC result
obeys virial-energy consistency

FE=13 =B, p) = MINUB, o, 0(B, 0)) — ADM(B, ) (17)

and fYMHPNC is a local functional like f™"N¢ A trivial choice of the type
(16) is embodied, of course, in the HNC approximation. Moreover, in view
of relations (9)-(11) we find that any MHNC procedure for which #(f, p)
is determined by a criterion of the type (16) may be cast in a variation
form:

Considering the solutions g4(x, f, p, ) of Egs. (1), (2) with a con-
tinuous one-parameter bridge function B(x, n) that vanishes for y =0 [e.g.,
the PY bridge function given by Eq. (4)], we construct the free energy
functional

FEMINB, py ) = FENEB, 0, ) — 40(n) (18)

The variational condition
a VMHNC
&fqﬁ (B, p,m)=0 (19)

yields Eq. (16b) for determining #(f, p), and ensures that the energy
obtained by SU/N = B(df/dp), and the pressure obtained via fP/p—1=
p(df/dp), are given by Egs. (12) and (13) with Hiroike’s test?”

(8U/oV)y=T(3P/3T), — P

being satisfied since 8°f/af dp = 0°f/dp 0f. Here we wrote [yMHNC = f in
short notations.

The question is to what extent may a criterion of the type (16) [that
is, Eq. (19)] accurately reproduce the UPY results which are based on
“virial-compressibility” consistency and serve as our standard for the
present analysis? In other words, is it possible to find a function AD(n)
such that the virial-compressibility consistency will be obeyed to a high
degree of accuracy?

Note first that the structure and excess thermodynamic properties of
the inverse power potentials, ¢,(r) =¢(o/r)", depend on the single reduced
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density-temperature variable, ¢, = (n/6)(pa’)(fe)*" (corresponding to the
packing fraction ¢ =¢_ = (n/6)pc> for hard spheres). The VE consistency
condition for these systems

U,=2(z,,—1) 20)
n

is automatically satisfied since —r¢,(r)=ng,(r), to that the UPY criterion
can be cast in the form (16). Indeed we may invert the monotonic relation
n=nupyall,) to get Cypy,(n), and use Eq.(7) to calculate
4,{upy.a(n), n), then the function given by AP(n)=4,(lupy.(1) 1)
reproduces by Eq. (19) the original UPY results. The available UPY results
for the Lennard-Jones system'*'®’ (which is a typical general test case for
our purposes) obey to high accuracy the VE consistency, and to render
Eq. (16) of the required accuracy we just have to find the best VE con-
sistent results that lie closest to the UPY values. The high accuracy
obtained by the variational perturbation theory (VPT) employing soft
inverse power reference potentials,""?) and the apparent universality of the
function® s(n), where s= —(excess entropy)/Nk z, for the UPY results for
various potentials, also provide strong indications of the possibility of
recasting the UPY criterion in the variational form (19). Finally, and as
analyzed below, the LFA® results represent the typical accuracy that may
be obtained by a local UPY-oriented free energy functional that we seek.

4. PERTURBATION REPRESENTATION FOR THE
FITTING FUNCTIONS A,(n)

With the UPY results serving as the standard of accuracy for the pur-
pose of our analysis, the function 4§)(7) may be regarded as a fitting
function aiming to reproduce these results. In the spirit of perturbation
theory for fluids we expect that 4{)(n) will separate into a relatively large
part that will not depend on the potential, and a relatively small ¢-depen-
dent part. In order to perform the analysis along such lines let us consider
first the analytic solution of the PY equation for hard spheres.

Assume that the PY solution for hard spheres is interpreted as the
VMHNC result for some potential (the “PY” potential) for which the
functional [Eq. (18)] is given by the PY-virial (PYV) free energy

6
PRI = Fow () ==+ 21001 1)
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and thus the corresponding 4{(n) is given by

dB(x,n")

o 1)

n 1
Apv(1) =f0 dn’ zj ax gpy(x,n')

These two relations define the PY potential.
The corresponding MHNC free energy functional, denoted fHFN<(y),
is given by

WNC() = fovv(n) + dpy(n) (22)

Equations (21) and (22) represent a particular case of (18): Let
F(U, p,m) = fyMNC(B, p,n) with u=p¢, then u(r/d)=y(r/d,n) and
8(n)=ppy, where ¥ and 6 are two implicitly defined functions. Finally,

fngNc(’?) = Flupy, ppy, 1)
Rewriting the criterion (16) in the perturbative form

1 0B(x, 1 0B(x,
3 8o P2 [ gt P50 (23)
ie., defining d4(n) by
A;so)(ﬂ)zAPY(7?)—5¢(77) (24)

the VMHNC free energy functional (18) is written as
SN, py ) = Lev(m) 8,00) T+ MIN(B, p, ) — FYINC(25)
with the variational condition (19) [i.e., (23)] taking the form

B(x, 1)
il

af;/'MHNC

~ o =0 (26)

1 0
=94(n)+3 J dx[g4(x, p, p, 1) — gov{x, 1)

Notice at this stage that the results of Lado are obtained if we make the
approximation d,()=0, and their accuracy by comparison with the
simulation data clearly displays J, as the relatively small parameter in
Eq. (24). Note also that with the approximation d,=0, the VMHNC
results for the system of hard spheres will be identical to the PY
approximation for hard spheres, with fYMHNC gjven by the PY-“virial” free
energy.

As with the ordinary variational perturbation theory"* we expect to
obtain better results for soft (i.e., “physical”) potentials if we start with a
soft reference potential. To be specific we consider an inverse nth power
potential. Using the mapping between £, and # as defined by 5ypy,(&,) or

(13)
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Eupy.a(n), we write [in analogy to Egs. (21), (22), and (24) for the “PY”
potential ]

1 1 0B !
= J! '3 ] g oty P @)
FIINC) = fMINY ey aln), n) + Au(n) = fMN () + 4,(n) - (28)
AP(n)=4,(n)+5(n) (29)

In analogy with Eqgs. (25) and (26) we now get
PN, p,m) =[S Eupy o), 1) +857(n)]
+ fRNCB, p, ) — fYNC() (30)

a VMHNC 4 3
qu (ﬂ p 71) 5(12)(;7)—{- de[g¢(x )8 psn )

on

0B(x,
g Cuma 1 2o )
Yl

We expect that with a proper choice of the reference power “n,” say n =12,
for treating the Lennard-Jones LJ(12-6) potential, the perturbation
approximation 3§"(#)=0 in (30), (31) will yield better results, for a soft
potential ¢, than those based on the PY reference with 6,(n)=0 as
originally used by Lado.

The analogy of our formulation above with the bootstrap procedure
employed in the context of VPT becomes transparent once we note (see
Appendix A) that the approximation 6§”(n)=0 in Egs. (30), (38) is iden-
tical to the one d4(n)=9,_,-«(n)=9J,(x) in Egs. (25), (26). In the language
of VPT we may use the PY pair functions and introduce the Ross ad hoc
corection to the entropy functional, ie., write the VPT free energy
functional

1
SIFT(B. p, n)=sRoss(n)+§[>’fdx gev(x, 1) ¢ <p—)f/3> (32)

and determine n(f, p) by requiring df y¥T/dn=0. The entropy function
Sross{f1) Was chosen by Ross such that the same calculation for the inverse
12th power potential will fit the corresponding equation of state from
simulations. It was shown however>??) that even better accuracy is
obtained by starting with the inverse 12th power reference system proper,
ie., by using

SYPTIT(B, p, E4y) = s 512)4— [/ J ax g ,(x, §1z)¢<i/> (33)
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together with the variational condition df/0&,, = 0. Here s(¢,,) is minus the
excess entropy of the r ~'? potential and no ad hoc correction is necessary.

The nice feature of the VMHNC scheme as formulated above is that
these two stages (and more} of the VPT bootstrap procedure can be
obtained by using simple fitting functions which are capable of fitting, by
the single parameter, both the structure and the equation of state. Indeed if
in Bq. (32) we write Sros() = foyv(n) + 4s(n); then d, _ 1,(n) in Eqgs. (23),
(26) is the VMHNC analog of the “Ross” correction As(y). Similarly,
85=12(n)=0 (with n=12), in Egs. (30), (31) is analogous to the VPT
calculation based on Eq. (31). This feature of the VMHNC has already
enabled a general analysis of the VPT entropy function, i.e., a derivation of
Ross-type ad hoc corrections with a pictorial display of their respective
accuracy.®

5. ANALYSIS OF THE FITTING FUNCTION 6,(n)

In order to analyze the functions J,(n) with the help of the available
results of Refs. 1 and 2 we write Egs. (25) and (26) in the following form:

f;/MHNC()B: P '7) :fﬁﬁO)(ﬂ’ P, 17) + 5¢(’/’) (34)
a VMHNC
L B2 ot o+ 84001 =0 65)

where [see Eq. (24)]
FOB, p.m) = foyv(n) = FEN() + £ 3FNB, p, 1) (36)

and we define

0B(x, n)

I" Ed E
py(B: 05 1) n

IH

(
@Lf%_) 1jdx[g¢(xﬁ P 1) = gov(, )]

(37)

In other words, we look for the function 6,(n), for different potentials ¢,
such that the solution of Eq. (35), i.e

Tox(B, p. m) = —d,4(n) (38)

will be in good agreement with the UPY (i.e., simulation) results, noting
the fact that 6,(#)=0 (and thus [py=0) corresponds to the already
reasonably accurate results of Lado.
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The situation we face is schematically, but quite generally, represented

by Flg 1 Where we plOt u(ﬁ’ pa '1)5 Zv(ﬁa P ’7)5 fVMHNC(Ba o ’7)9 [PY(ﬁa pa 77)
and the inverse compressibility

opP

K:1£ﬂ<—) =1 [axex o) (39)
op/)s

for given f, p as function of the parameter #. For n=0 the plotted
functions have their respective values as obtained in the HNC
approximation. As a rule (sec Ref. 3) manifesting the general characteristic

n "
uey L
Fig. 1. Thermodynamic functions for a Lennard-Jones-type potential, in the liquid state,

obtained by the MHNC theory as functions of the “bridge” parameter n (schematic, see the
text). The values at n =0 correspond to the results by the HNC approximation.
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of the bridge functions as “effectively repulsive potentials,” the HNC results
for u, Z,, and fYMHNC goverestimate the “true” values, while they
underestimate K'. Also as a rule, the function K! varies with n much
more strongly than u, Z,, and fYMHNC This feature is the basic reason why
the UPY virial-compressibility criterion is so important. In turn, this
behavior implies that when a correction to the results of Lado is sought,
the function J,(x) should be chosen so as to shift the minimum of /yM1N¢
[ie., the intersection of Ipy and —dy(n)] toward the value of # appropriate
to the “correct” K. The effect of such a shift on the other thermodynamic
functions plotted in Fig. 1 is relatively small. Again as a rule, the results
using Lado’s approximation yield values of #n=#,(p, p) which are larger
than those obtained by the UPY procedure, (8, p) = nupv(B, ).

These general trends mean that the function §,(n) is a smooth
monotonically increasing positive function which is relatively small com-
pared with fpyy(17). As an example for the utility of our formulation which
lead to the simple “pictorial” analysis we obtain (see Appendix B) an
accurate estimate for the fitting function for hard spheres given by the
following simple expression:

Ous(M) =04 ,-(n)=fes(n) — feyv(n) (40)

where fcg is the Carnahan-Starling®® fit to the hard sphere simulation
data. By employing this cxpression for an arbitrary potential, ie.
04(n)=0us(n), we upgrade the results of Lado to the LFA accuracy: our
result with 6,(1) = dys(#), given by Eq. (40), represents the needed change
in the PY-reference system which will upgrade it to the UPY~-HS result,
which is, in turn, of the same accuracy as the VWGH fit for the hard
spheres. The difference between using (40) and using VWGH (as LFA did)
is just the difference between using two equally accurate but alternative fit-
tings to the HS simulation data.

A consistency check of the perturbatively correct nature of our
bootstrap procedure is given by noting that dy5(n) <€ fpyv{#n) in the entire
fluid range {n < 0.45).

The demonstrated high accuracy of the LFA results, which arc essen-
tially embodied by the first bootstrapping perturbation term [Eq. (40)],
indicates that the next order in this systematic bootstrapping within the
UPY is indeed much smaller: If we replace the hard sphere reference by a
soft reference, i, use d,(n)=20,(n) or 6y (n)=0 (with, say, n>~12 as
proved accurate in the VPT) then we know now from LFA® that

10,(11) — Onis(1)] < Owis(n) (41)
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It is interesting to note that the integrand in the expression

1
Bhs1) 0300 = [ L5 a0 1)~ s, S ) 1)) 2

(42)

has the familiar “blip function”® form, but with an already optimized #
that ensures the relation (41). In fact, rewriting (42) as a k-space integral,
and imposing [as implied by (39)]

OBk
J LS, Eomn). )= Susths Eop (). 1 2P0 (43)

it is found that the main contribution to the integral comes from the main
peak of the structure factor. This is in accordance with the finding that the
matching of peaks in order to obtain the mapping of liquid metals on the
hard sphere system proved consistent with the perturbation calculations for
these systems®” (e.g., the freezing rule #~0.45).

A systematic study of J,(n) may be of interest, but it should be noted
that at that level of accuracy [ie., d,4(7)~d,(n)] the nonuniversal features
of the bridge functions need to be taken into account.

6. DIAGRAMMATIC ANALYSIS OF THE PAIR STRUCTURE:
VARIATIONAL ITERATION PROCEDURE USING SCALING

At the time when the analysis of the diagrammatic density expansion
of the pair correlation functions led to Eqgs. (1)—(3), it was immediately
realized ' that a formal iterative solution of these equations generates all
the defining diagrams of g(r), c(r), and B(r). The procedure is as follows:
start with B(x, f, p) = By(x) =0 and solve Egs. (1), (2) to obtain ay(x, 8, p)
which is the HNC result, hy{x, S, p)=hunc(x, B, p). Use Eq.(3) to
evaluate B|(x, f, p)=%{hy(x, B, p)}. Solve Egs. (1), (2) using B,(x, f, p)
to obtain 4,(x, f, p). Evaluate B,(x, B, p)=Z{h,(x, p, p)}, and so on. The
result of the jth iteration, /,(x, f§, p), in the limit j— oo, contains all the
defining diagrams of 4.,,.(x, B, p), and in this sense we have

hm h‘j(x: ;‘3, p) = kexact(xa ﬁ: p) (44)
j—®

When developing the idea of universality of the bridge functions as a
starting approximation in the context of the MHNC scheme, it was
argued®'>3D that in view of the general high similarity between the HNC
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results for the pair functions, /y(x), and the corresponding Monte-Carlo
data, Ayc(X)2hegaql{x), it is expected that A,(x) will be very close to
h.(x), with the higher iterative corrections being relatively small. The
validity of this “one-iteration-approximation” and that of the “universality
of the bridge functions” are intimately connected. This possibility inherent
within the MHNC approach to gain information regarding the diagram-
matic expansion has not yet been pursued. The present analysis of the
VMHNC procedure enables us to draw a rather precise conclusion
regarding the “one-iteration” statement above, despite the fact that even
this one iteration is still not computationally feasible.

We start by noting that our analysis of the VMHNC within the con-
text of the UPY representation of the structure and thermodynamics for
various pair potentials should represent, in view of the UPY’s
demonstrated high accuracy, a valid quantitative analysis for the more
general statement given originally by Lado,’”) and which in our for-
mulation reads as follows: Given the exact pair structure and equation of
state for a soft potential g, (x, B, p), By(x, B, p), f4(B, p), solve the
MHNC equations (1), (2) for the potential ¢, employing the reference
bridge functions B, (x, f, p') and consider the following excess free energy
functional:

YD, p, B ) = Fu By 9+ SEINB 0. Bp) = 3N (B p)
(45)

Provided the reference states B'(f, p), p'(B, p) are chosen by solving the
variation equations:

ofyMHENC | OByy(x, B, p')
Yo @ __ 7 N ’ ! _0_:0
S =3 ) 96w B0 B0 = gl B )T R
) (46a)
gf YMENC IBy(x, B, p')
R — ’ N ’ 7 __0_____:0
e L TSV Y AR NC R B
(46b)

we expect to obtain the structure gu(x, f, p) = gu(x, B, p, B'(B, p),
p'(B, B)) and the consistent excess free energy fy(f, p)=
SIMENC(B, p, B'(B, p), p'(B, p)) for the potential ¢(r), to within less than
1% error (ie, present day simulation accuracy), corresponding to
04(n)=0,(n) in the UPY representation. With a hard core reference system
applied for a soft potential slightly less accurate results are expected,
similarly to that obtained by employing 0,(n)=0us(n) (ic., the LFA
results).
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Returning now to the iteration procedure above that leads to Eq. (44),
consider the following possibility to enhance its convergence rate: Instead
of performing all the iteration stages for a single given pair f, p, let us con-
sider instead at each iteration stage the solution A,(x, B, p) for all g, p. At
each iteration stage define the following quantities:

1 e dB.(x, p', p”
AE)(B’,p’)=§fO o [atxg, o) L) )

L s 0B(x, B", p’
AB. ) =5 | " [dxg,oilx ﬁ",p')—f(@ﬂ—,,—p) (47b)

(of course 47, = A?’]) for inverse power potentials), and form the free energy
functionals by using B(x, ', p’)

TEB. o, B, p") =T TNB, p, B 0') = A5H(B's p7) (48a)

FEB, o B 0"y =FUFNB, . B, p') = A8(B', p) (48b)
The iteration is optimized by requiring
a X I3 I3
L2 [ xho o ) pop D) g aon)
Lin [ i oo )=y sn 9 2L g gaom)

In the limit j— oo, the exact result will satisfy

Abo(B P =400 (B, p) = 4B, p) (50a)
f(VOO)(B’ p) =ff:oo)(ﬁ: p) =f?goH)NC(ﬁ’ p) _A(oo) ﬁ? ,0) :fexact(ﬁs p) (SOb)

It is obvious that in this iteration procedure we perform at each stage a
VMHNC approximation in order to optimize the choice of the bridge
function obtained from the previous stage.

By its structure the HNC equation for some potential ¢(r) provides
the exact pair structure for another potential, @ync(r)=0(r)—
(1/B) Bunc(r), where Bync(r)=%B{hunc(r)}. In particular, for the first
iteration stage B,(r)= Bgnc(r). The first variational iteration stage is
exactly the VMHNC result according to Egs. (43), (44) for the potential
@(r) using dyunc(r)=¢(r)— (1/8) B,(r) as the reference potential. But we
know already from the accumulated information regarding the bridge
functions that this ¢nc(r) should provide an excellent reference system, at
least better than ¢yg(). Thus, the first variational iteration approximation
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should be more accurate than the LFA results. We find that the theory of
simple classical fluids is essentially a “one-iteration theory” provided that
this iteration is properly optimized.

Note that the relation between the usual first iteration stage and the
optimized (variational) one, is similar to the relation between the RHNC
approximation®? and the MHNC® approach which optimizes the bridge
functions.

7. CONCLUSION

The UPY results represent a first-order accurate description of the
available simulation data for the static pair structure and the ther-
modynamics of simple classical fluids, based on the universality of the
bridge functions. Within the framework of the UPY, ie., with the PYHS
bridge functions, we constructed a whole family of energy-virial consistent
local free energy functionals, by which both the structure and the equation
of state are calculated via a variational principle. Starting at the level of the
approximation used by Lado [J4(1) =0 in our notations ], we formulated a
bootstrap perturbation expansion for the corrections to the free energy
functional, J,4(n). The first-order correction to the zero-order Lado’s PY
reference potential is obtained by employing the hard-sphere reference (ie.,
LFA) which is equivalent to the aproximation d (1) = dys(17). An accurate,
simple analytic expression for dy5(n) [Eq.(39)] was obtained. The
demonstrated high accuracy of the LFA results clearly justifies the chosen
cascade of approximations embodied by the relations

|5¢(’7)_5Hs(7’l)| <Ldys(n) < feyv(n) (51)

As discussed in Ref. 4, the possibility to obtain such an accurate universal
expression for 6,, namely, d,(n)= fes(n) — feyv(n), is related to the fact
that to first order the bridge functions are universal locally [without any
additional scaling to determine #(f, p)] provided we use the excess entropy
as the independent variable

By(x, 5, p}y= Buys(x, $)= Bpy(x, 5) (52)

The results of LFA (ie., 6,=0ys) improve those of Lado (§,=0) only
because fpyv(n) does not represent the excess free energy for the PY poten-
tial. Thus (52) provides the correct framework by which we may appreciate
the nature of the “requirement of consistency” as the reason given by LFA
for their improvement over the results given by Lado.

822/42/3-4-14
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Our formulation of the VMHNC enabled a direct interpretation of the
results by LFA in terms of the accuracy of the first-order variational
iterative diagrammatic expansion.

Finally, using the simple expression for éyg we now summarize the
corresponding recipe for calculating and inverting pair structures:

{a) Given the pair potential ¢{r), the temperature S, and the den-
sity p.

(i) Solve Egs. (1) and (2) using the bridge functions (4)-(6) for
various values of the parameter #.

(ii) Calculate the function f}M¥NC(B, p, ) as given by Eq. (25) using
the expression (40) for 04(17) = dys(n).

(iii) Monitor the value of # until the (“minimum”) condition Eq. (26)
is satisfied for some value n=1.

(iv) The excess free energy of the system is given by fYMHNS(B, p, 7)
and the pair function is g,(x, f, p, 7).

(b) Given the pair structure, g...(x, B, p), or the structure factor
S(k, B, p)-

(i) Using the bridge functions Egs. (4)—(6) and the PY pair function
for hard spheres gpy(x, %), solve either

1 0B
3 | Bl )= grolx, 1 oD it =0 (53)

or

1
5 f dx[S(k, B, p)— Sey(k, )]

PO =0 (54)

where Spy(k, 1) =1+ Apy(k, ) (recall that we use reduced units x = rp'?®)
and B(k, ) is the Fourier transform of B(x, #).

(ii) Using either (53) or (54) to find #, solve Egs. (1)-(2) with
B(x, n) to find ¢(r).

(iii) Evaluating f3}™™N¢ of Eq. (6) using the above B(x, #) and ¢(r),
while employing g.,.(x) or S(k), we obtain the free energy from Eq. (25)
by using 04 = Oys.
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APPENDIX A: RELATION BETWEEN TWO PERTURBATIVE
REPRESENTATIONS FOR THE
FITTING FUNCTIONS A{(n)

Using Eq. (28)

SIMENC () — fRTNC() = —4,.(n)
and employing Eq. (25) we get

SIMENC() = FRENC() = foyv(n) — FEYN () + 0,(n)

so that Eq. (30) becomes identical to Eq. (25) provided 6,4(n)=4,(n).
In turn, writing Eq. (26) for the inverse nth power potential we get

0B(x, n)
=0
on

1
03m+3 [ xLg, (. €0 m) = gevlxon)]

Taking 6 =0, Eq. (31) becomes

0B(x, 1)

=0
on

1
03 +3 [ XLy, B, p. 1) = gov(x, )]

which is precisely Eq. (26) with d4(n)=9,(n), provided we use the UPY
representation for the inverse nth power structure.

APPENDIX B: ESTIMATE OF 6,5(n)=6,_,_,(n)

Denoting

Sese (1) = foyv(n) + dus(n) (B1)

then the functionals Eqgs. (34) and (36) as applied to the hard spheres at
packing fraction ¢ take the form

SYE n) = Foxv(n) + SHENAE m) — FF™NC(n) (B2)
SESTNEE ) = faae(n) + SHENE n) — FRN(n) (B3)



456 Rosenfeld

3

f(€)

HNCV

fcs(g) _________ } f(o)
£ (§)p-mmmmmm o= HS
& o
.
.
I
|
(
;o
1 s
0 ) ¢ K
UPY

Fig. 2. Modified-HNC excess free energy functionals for the system of hard spheres at pack-
ing fraction ¢ as functions of the “bridge” parameter n (schematic, see the text). funcv(€)
represents the HNC-“virial” results.

By definition they have the following properties (see Fig. 2)

FRUE n=8)=feyv({) (B4)
ns N n=8) = fuur(E) _ (B3)
s TN, mupy(EN = fes(€) (B6)
while
nuey(€) <& [nuev($) —El/E<1 (B7)

The minima (with respect to #) of the functionals (B2) and (B3) occur at
n=_¢ and n =nypy, respectively.

To first order, the area of the trapezoid ABCD is equal to the area of
the rectangle AB'C'D (see Fig. 2) and thus we write [using (B6)]

%[5HS(5)+5H5(’7UPY)] SSes(€) = fexv(E) (B8)
Recalling (B7) the final first-order result is
Ous(m) = fes() = foxv(n) (B9)
and we quote
Ses(n) = =30 (B10)

(1—n)



Variational Modified-Hypernetted-Chain Theory 457

REFERENCES

1. F. Lado, Phys. Lett. 89A:196 (1982).

2. F. Lado, S. M. Foiles, and N. W. Ashcroft, Phys. Rev. 4 28:2374 (1983).
3. Y. Rosenfeld and N.*W. Ashcroft, Phys. Rev. A 20:1208 (1979).

4, Y. Rosenfeld, Phys. Rev. A 29:2877 (1984).

5.
6
7
8

R. M. Nieminen and N. W. Ashcroft, Phys. Rev. A 24:560 (1981).

. G. C. Aers and M. W. C. Dharma-Wardana, Phys. Rev. A 29:2734 (1584).
. D. I. Gonzalez, M. J. Grimson, and M. Silbert, Mol. Phys. 54:1047 {1985).
. 8. M. Foiles, N. W. Ashcroft, and L. Reatto, J. Chem. Phys. 80:4441 (1984).
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22
23
24.
25.
26.
27.
28.
29.
30.
31
32.

P. Ballone, G. Pastore, and M. P. Tosi, J. Phys. C 17:L333 (1984).

P. Ballone, G. Pastore, and M. P. Tosi, J. Chem. Phys. 81:3174 (1984).

C. Caccamo, G. Malesio, and L. Reatto, J. Chem. Phys. 81:4093 (1984).

M. Ross, J. Chem. Phys. 71:1567 (1979).

Y. Rosenfeld, Phys. Rev. A 28:3063 (1983).

J. M. J. VanLeeuwen, J. Groenveld, and J. de Boer, Physica (Utrecht) 25:792 (1959).
Y. Rosenfeld, J. Phys. (Paris) Collog. 41:C-77 (1980).

J. S. Tsai, Ph.D. dissertation, North Carolina State University, 1980 (unpublished).
F. J. Rogers, D. A. Young, H. E. DeWitt, and M. Ross, Phys. Rev. 4 28:2990 (1983).
M. S. Wertheim, Phys. Rev. Lett. 10:321 (1966); E. Thiele, J. Chem. Phys. 39:474 (1963).
Y. Rosenfeld, Phys. Rev. Lett. 44:146 (1980).

Y. Rosenfeld, Phys. Rev. A 24:2805 (1981).

S. Ichimaru, Rev. Mod. Phys. 54:1017 (1982).

F. J. Rogers and D. A. Young, Phys. Rev. A4 30:999 (1984).

D. MacGowan, J. Stat. Phys. 32:123 (1983).

L. Verlet and J. J. Weiss, Phys. Rev. 4 5:939 (1972).

D. Henderson and E. W. Grundke, J. Chem. Phys. 63:601 (1975).

Y. Rosenfeld, J. Star. Phys. 37:215 (1984).

K. Hiroike, J. Phys. Soc. Jpn. 12:326 (1957).

N. F. Carnahan and K. E. Starling, J. Chem. Phys. 51:635 (1969).

H. C. Andersen, J. D. Weeks, and D. Chandler, Phys. Rev. A 4:1597 (1971).
N. W. Ashcroft and D. Stroud, Solid State Phys. 33:1 (1978).

Y. Rosenfeld and N. W. Ashcroft, Phys. Lert. 73A:31 (1979).

F. Lado, Phys. Rev. A 8:2548 (1973),



